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OPTIMIZATION OF THE BOUNDARY REGIME IN THE PROBLEM OF THE TRANSFER
AND ABSORPTION OF MATERIAL IN A POROUS MEDIUM”

N.A. TIKHONOV

Problems of optimizing the mode of supplying a materail to the surface of
a porous medium are considered for the case when the material is carried
by a flow passing through the medium, and is partly absorbed by it. Such
a problem arises e.g. when fertilizers are placed on the surface of soil,
or when chemical components are supplied to the boundary of a medium
within which a reaction with absorption takes place.

Let us consider, to be specific, the problem of the transport of fertilizers in soil.
Their transport will be governed by the flow of moisture. The dynamic behaviour of the
moisture in a layer of soil 0<:<! is described by the problem

Ut g = —=F @) glag=q @) R Wl =0, ul_, = ¢ 1)

Here ¢t is the time, z is the vertical coordinate (z=0 at the surface of the medium),
u is the moisture density, g is its flux, ¢,(1) is a given function determined by the precipita-
tion, watering and evaporation from the soil surface, R is an operator describing the boundary
conditions when z= 1 F(z.t) is the amount of moisture demanded by the plant roots.

Let a layer of material A, in crystalline form, be present at the soil surface at the
time :>0. We denote the concentration of dissolved material in water passed through this
layer by % (. In the linear approximation we have

4’ >0
YH (g0) = B (e — 2)i HU%=§’1<0 (2)

where B (1) 1is the exchange ccefficient between the solid and liqud phase of A, depending on
the amount of material present at the surface in crystalline form, and C(,=const is the
saturation concentratiocn of A.

The dynamics of the material transported by the moisture is described by the prcblem

Lie,u)=0; y (NH {ge (1)} = Ry (e, g0) [, (8

Rl foey = 0 clyg= 0

where ¢ is the concentration cf the material in water, L is a differential operator describing
the transpert, diffusion and scrpticn cof the material A depending on the flow g and the
moisture density u: R; and R, determine the boundary conditions. For example, Ry(c.q) = gc —
a (ghess Ryfc, g =c¢. where af(g is the diffusion coefficient.

Since the experimental data are not very accurate due to the inhomogeneity of the soil,
it is usually sufficient to consider the models tc be linear in ¢ /1/. We shall assume L, R,
and R, to be linear in ¢, and that a sclution of proklem (1), (3! exists, isunique, non-negative

i
at any 7> 0, and that the integral gcufx)m is bounded, provided that the amcunt of material
0

passed intc the mediur from the surface

4
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0
is finite. The relaticns (1;—12) constitute a model of the process.
Let us assume that the surface can be covered by a layer of crystalline material A of
differing density, i.e. that f() varies within certain limits 0< B () < B,, = comst. Let the

plants require the material and water, and let the function F be bounded. Then the amount
of material required over the time T will be

T {
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At the same time, the consumption of the material at the surface will be
T
P=fxmH@ua
[}

Let us formulate the following optimization problem. It is required to determine the
control function B (1), varying within the limits shown, for which the demand ¢ is equaZ‘L to the
given value @, and the consumption P is minimal. We shall assume here that the quantity ¢,
satisfies the inequality 0« Q, < Qm where Qn is the value of Q at B = fpn. .

Let us denote by G (st 1) the solution of the problem (1), (3) with boundary condition
Ry(c,t)= 86(t—1). Problem (3) is linear in ¢, and therefore for any x we have

1
cte, =AM H @) 6 @ t, e
[

Substituting this relation into the expression for @ and changing the order of integration,

we obtain

T i T
e={rmH@mBm Bo={a{renceya )
[} o (]

According to the condition
!
0K F<ee, G20, (Gagoo
[1]

therefore 0< B <cc. Consider the functional

T
I=Pi—Q= S % (V) H (g0 (1)) [h — B(1)] dT )
[

where A is an arbitrary fixed number. For a given value of @, the minimum of P and I is
attained on the same curves. Let us denote by 7T, the set of t for which ¢, (t) = 0; I* (») the set
of t for which ¢ (>0 and B(t)>2; I~ (%) the set of t for which ¢ (>0 and B({n <=

The value of x on the set 7, does not affect (4) and (5). When g¢,>¢, we have from (2)
%= Pcy (B~ g)! , which is a monotonically increasing function of f. It is clear that the value
of (5) will be minimal at any &, provided that Xx=0 on 7T (x) and % = 7, () = coBm B + 9o {t))?
when te 77 (4). We choose, respectively, p=0 on the set 7I-(A) and p=§,, or T*(., and here
we have Q@=j7() = szqoad-r.

T(3)

When 72 increases, the set 7*(2) does not grow larger, therefore j(.) is a monotonically
non-increasing function. Generally speaking, (' will not be a continucus functior. here,

T
when .>0, I-(4 =0 and ]'(7.)=SxmqoBd*r>Q., in accordance with the condition., Since B is bounded
0

when % — oo, the set 7 () =0 and [ (&) = 0<Q,. Therefore 2 number %, can be found such, that
either [ = @y or J(h)>Q, (1, —01< Q. the function (4 has a discontinuity at the point
%, and B(n =i, on the finite set T =T (.)— 7 (= 0. In the first case the condition ¢= Q,
holds for B =8, when te I+ (2) and B, =0C when t=7T"(»), and a strong minimum of the

functional (4) is attained in the class of admissible variations in f. The second case differs
in the fact that the function £ on the set 7, must satisfy the relatior
Benge C B..cogn
Visge- -\ pEa
The T (10
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As a result, we have the fcllowing theorern.

Theorem. A solution of the optimization problem in gquestion exists, and is represented
by the function § (1) of admissible class, furnishing a minimum to the functional P at fixed

Q = Q. The function is determined as follows: Bt = B, for te T () ={t:g () >0, B <)t
B(n=0 for teT- () ={t:gq (N> 0. B(1>h): B(h is arbitrary for te& To={t:g, (Hh =0} p(v and
satisfies relatior (6), otherwise it is arbitrary for te T, ={tig (>0 B(th=1h} % is a
number (it exists and is real! such, that
) iZfacas | g
T+ (0. T=0+T;,

The solution of the probler is unique on the set
{t:ig, (6" >0, B () = 2}
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To find the set 7T+ (i), we must determine the function B (1). It can be done, in general,
numerically. It often happens however, when the experimental results show a considerable
spread caused by the spatial inhomogeneity of the medium, that relatively simple models are
found to offer better agreement with the experimental results, and we can obtain an analytic
solution for them.

let us consider the following case. We shall be describing the dynamics of the moisture
and salt fluxes averaged over several days. Let g¢=b(u— u,) where b and u, are constants
and ¢, (t) exceeds the total demand for the moisture by the roots, i.e. ¢>0 everywhere. In
accordance with (2) we put L ({c, u) = me;+ ge, — ac,, where a= ay is the coefficient of diffusion
of the material 4, s, and m are constants and R, = ¢c — ac,. Considering, for simplicity, the
problem on the segment 0<z<oc, > —oc, we obtain

b+ g, = ~F(zt)h Glhapy=a0(l) i
me, - e, = Bogc,,. € 't<o = lko - O
Bit) e

(€= ) fmg =1 ) = Py 0 )
We solve the problem for g and introduce the function
i 2

1,
ezt 1) —_-Sq{:, 8)a8 = { iqo(e-b:)—gi'(x, 8 — bz)dz | 40 (8
T o !

T

We regard r and z as new variables, and 1 as a parameter. Then the equation for ¢ in
{7) will be transformed into an equation with constant coefficients. In the present case
Giz .1 =K (z.v{z. 1. 1) where A {z.s) satisfieg the relation
miy — K. = gh..0 2> —o0, Tz
Khep =10 (K — K} o= 8 (2)
Sclving this problem we find G, and obtain the following expressiocn for B:

[+54

e
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Thus the relation B (1 determined by the form of the function F.g(u and of the operators
L, R. R, R, is cbtained in the present case in analytic form. To find the optimal conditions
of supply of the material, we must have specific expressions for the functions ¢, (1 and F(z1).
Knowing ¢, and F, we find r from (8), and then B from (9). Further, acccrding te what was
said above, we find 7, and the optimal mode for B (.
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